DirectionCosines & Lines

1 Mark Questions

1. Write the distance of a point P(a, b, c) from
X-axis. Delhi 2014C

e 1 ks

ro Let any pomt on x-axus be Q(x 0 0) Then usei
. *  the formula for distance of point R(x;, 1, zl)
from S(x5, ¥5,23)

i
1
H

=y —x)2 + (2 =) + (22 “21).2

Given point is P(a, b, c).

Let the coordinates of the point on X-axis be
(a,0,0). (1/2)

[.- x-coordinate of both points will be same]
-.Required distance

—Ja-a%+0-b>+0-c)?
=0 + b2 +c?

= b2 +c? (1/2)
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2. If the cartesian equation of a line is
3-x_y+h_22-6 . on write the vector
5 7 4

equation for the line. All india 2014

Given cartesian equation of a line is
3-x _y+4_2z-6
5 i 4

On rewriting the given equation in standard
form, we get

x—3:y+4=z—3ﬂ}u

let
-5 7 2 Llet]

—— x=—5A+3, y=7A-4
and zZ=2A+3 (1/2)

Now, x?-l-_yf+ zk
—(=5A+ 3 + (7A - ] + 2L + Ik
=3;-‘m4;’+3;2+x<-5?+7}’+3ﬂ)
=T = 4] Sk & K50+ 7 3

which is the required equation of line in
vector form. (1/2)

3. write the equation of the straight line

through the point (o, $,y) and parallel to
Z-axis.
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The vector equation of a line parallel to Z-axis

is $=0?+0f+§. Then, the required line
passes through the point A, B, y) whose

= B M :
position vector is f =oi +Bj+7yj and is

— 2 s S
parallel to the vectorm = (0i +0j + k).  (1/2)

: W : — —>
. The equationis r = f+Am

=((xf+i3}:+yi;)+l(0f+0f+§)

= (] +B] + vk + MK 1/2)
4. Find the direction cosines of the line
b-x_y _1-z2
2 6 3 Dethi 2013C
. - 1-
Given, equation of line is o A i
2 6 3
: - -1
It can be rewritten as sl ed el
-2 6 -3
Here,DR's of the line are -2, 6, — 3.
Now, y(=2)2 + 62 + (=3)2
=J4+36+9
= /49 = 7 units
. 3
~.DC’s of a line are —3, E, — (1)
z F P

5. If a unit vector a makes angles g with i, %

with f and an acute angle 0 with k, then find
the value of 0. Delhi 2013
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=¥ | TR

Given unit vector a makes angle 5 with i, p

cn s '’ | T - X .. =

with j and 0 k. So, a = . with i, p = i with |
and y = @ with k.

T n
Now, cos? 5 + cos? Z +cos’0=1

[+ cos2 o + cos? B + cos” y =1]

= l+l+«r:‘::)52t3)=1
4 2
= cos’ 0 :1-—3:1 (1/2)
4 4
:
= cosO =+ —
2

1 ,
= cosO = e as 0 is an acute angle.

g== 1/2)
3

6. Find the cartesian equation of the line which

passes through the point (-2,4,~ 5) and is

parallel to the line _x+3=£+;y = 228.

HOTS; Delhi 2013
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() Iftwo lines are parallel, then they both have same
| *  direction ratios. Use this result and simplify it.

Given, the required line is parallel to the line
x+3 4-y z+8 or 15§41 Ei0

3 5 6 3 -5 6
~.DR’s of both lines are proportional to each
other. (1/2)

The required equatioh of the line passing
through (-2, 4, — 5) having DR’s (3,-5,6) is
x+2__y—4:z+5 1/2)

3 , —3 6

7. If a line has direction ratios 2, -1, -2, then
what are its direction cosines? Delhi 2012

Given, DR’s of the line are 2, -1, 2.

.. Direction cosines of the line are
2 -1

/

——

S 1w
-2
J22 + (=12 + (=27
b
ol =1 “ =t
{ \/az_+ b® +c? Va2 + b2 +¢?

r

J@r7 4 172 + (-2

i >

" w\/5;12+.E>2+c2]

2 1 w
S Ja+1+4" Jar144" Jar144
-2 2 -1 i

e TR . T
= ; j o [l gy
NEMNCINE) 3" 3" 3

(1
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8. What are the direction cosines of a line which
makes equal angles with the coordinate
axes? Foreign 2011; All India 2009, 2008C

Given, line makes equal angles with
coordinate axes. Let o, f and y be the angle
made by the line with coordinate axes.

Than, oo=pF=y= cosa = cosf} =cosy
= i=meh (i)
[+ I=coso, m=cosf,n= cosy]

"'We know that, > + m? + n* =1
P+P+?=1 [from Eq.(i)]
=  3P=1= P= l=>1—+—~

=

From Eq. () dlrectlon cosines of a line are

_ﬁ,_ﬁ,_ﬁ. (1)

9. Write the vector equation of the line given by
x-5 y+4 z-6

T Delhi 2011,2010

Given equation of line in cartesian form is
x-5 y+4 z-6
5 F B
The point on the line is (5, = 4, 6) and DR’s
are (3, 7, 2).
We know that, vector equation of a line , if

- | —
point is a and direction of a line is b, is
- -

r=a+A\ b

—)

-
Here, a =(5,-4,6)and b =(3, 7, 2).

So, equation of line in vector form is
—3

r=(6i-4 +6K+AGi+7] +200 (1)
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—x +2
10. Equation of line is : 5 I R L)

P 1
Find the direction cosines of a line parallel to
above line. HOTS; All india 2011C

Given equation of line can be written as
Xx—4 y+3 z+2
-2 - 2 %
Here, DR’s of a line are -2, 2, 1.
. DC’s of line parallel to above line are

given by ————
J(mz @)+aﬂ

1
J(mz+aﬂ 12 J=22 + 22 + ()2
or —-——-—-———-—- 2 1
JAa+4+1 4441 Ja+ 441
-2 2 1 2 2 1

or ,—=, or ~=,=,—
NCRNCRT) 3'3'3,
Hence, required DC’s of a line parallel to the

( 2 2 1]
given line are| - —, —, —

"3'3 (1)

NOTE Before we can use the DR’s of a line, first we
ensure that coefficients of x, y and z are unity with
positive sign.
11. If the equations of line AB is
L AL 2_5,thenwritethe

1 -2
direction ratios of the line parallel to above
line AB. Delhi 2011C
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Given equation of line can be written as
=3 Y+d T—a
T =l A
. DR’s of the line parallel to above line are
-1,-2, 4.
[ parallel lines have same DR’s] (1)

12. Find the distance of point (2, 3, 4) from X-axis.
Delhi 2010C

Do same as Que. 1. [Ans. 5]

13. Write the equation of line parallel to the line
x—2 y+3 Z+5

and passing through

-3 2
point (1, 2, 3). All India 2009C
Do same as Que. 6. Ans. L P e B
-3 2 6

14. Write the direction cosines of a line parallel
3—x y+d z+4&

2 6  Delhi 2009C

to the line

Do same as Que. 10. Ans., i,i,g
7 77
15. The equation of line is
=08 yda p=i
4 3 &

Find the direction cosines of the line parallel
to this line. All India 2008

Do same as Que. 10. Ans. - ) 2 ; -
Z 7. F
16. The equation of line is given by

A; X_Y J5r 3_12 +£, Write the direction

cosines of the line parallel to above line.
Delhi 2008C
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-2 5 6
Do same as Que. 10, [Ans. ; ; ]
V65 /65 /65

1%7. 1fP =(1,5,4)and Q= (4, 1, - 2), then find the
direction ratios of PQ. All India 2008

Given points are P(1, 5, 4) and Q(4, 1, — 2).

. Direction ratios of PQ =4-11-5,-2 -4
=3, -4 -6 (1)
[ DR’ s of line joining points P(x;, y;, Z) and}

Qxy,¥2, Zo) are X, — X, Y2 =Y, Z2 — Zy

4 Marks Questions

18. Show that the lines r = (i +] =K + A 3 - ])

and 1 = (4i — k) + 1) (2 + 3k) intersect. Also,
find their point of intersection. Delhi 2014
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Given lines can be rewritten as

~

" . )
F=@A+N i +0=-N0] - k .(0)
and T =(4+20)7 +0] +CGu-1k ..GD) (D

Both lines intersect at a point, when their
respective components along i, j and k are

equal.

3L+1=4+2u

= A —-2p=3 .. (iii)
1-A=0 (1v)

and 3w-1=-1 .V (1)

From Eq. (iv), we get A =1and put the value
of A in Eq. (iii), we get

31)-2u=3
=3 -2u=3-3
= u=0

On putting the value of p in Eq. (v), we get
300 -1=-1= 0-1=-1

= —1=—1, which is true

So, both lines intersect each other. (1)

Point of intersection of both lines can be
obtained by putting A = 1in Eq. (i), then we get

T =4+ Of - @ which is the position vector of
the point of intersection (4,0, —1). (1)

19. Find the direction cosines of the line
it = Co = 2= -3 Also, find the vector
2 6 6
equation of the line through the point
A(-1, 2, 3) and parallel to the given line.
Delhi 2014C
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Given equation of line is
x+2 2y-7 5-2
2 6 6

This equation can be written as
x+2 y-=Fl2 z2=5

2 3 -6
So, direction ratio’s of lineare2,3, -6. (1)
Now, direction cosines of a line are
2z 3
IZ f ’ m = 7
V2% 432 + (-6)? V22 + 3% + (-6)?
—6
n=
V22 432 1 (<6)?
i ta £ h 7
vil= = ;
\/az+b2+c2 w/az+bz+c2
i 4
n=
1 Va2 + b2 +c2
(1)
= /= __g_ m= i. h — i
Ja9' T a9 Va9
So, direction cosines of given line are
23 -6
777
Now, DR’s of a line parallel to given line are

2, 3, -6 and it passes through the point A
(-1, 2, 3). So, required equation of line
parallel to given line is
¥+] w3 F=3
2 3 -6
20. Find the angle between the lines

T =2i - 5] +k+\37 +2] +6k)

(1)

and =71 — 6] — 6k +pli +2j + 2K).
Foreign 2014; All India 2008 C
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<> If vector form of lines are r =a; + Ab; and
t T = e —
r =a, + Ab,, then angle between them is

The given equations of lines are
=¥ a ~ ~ 5 % A
r=Q2i-5j+k+AGBi+2j+6k ..
= A A ~ = @ ~

and r =(7i = 6] — 6Kk + Wi + 2j + 2k)...(ii) (1)

On comparing Egs. (i) and (ii) with vector
form of equation of line, i.e.

- = B
r=a+Ab, we get

— X A & —F . - -~
a =2 - 5] +k b =3i +2j+6k

—

. " " A—-—} e = )
and a,=7i —6j—6kby=i+2j+2k (1)

We know that, angle between two lines is

given by
- -
el =L Hal i+l
- o
L by || by |
3 +2] +6k) -G +2] + 2K
".-C0s0 =
B2+ @2+ 62 17+ @22 + (22
(1)
" — 3+4+12 |
J49 x 9 |
= cosB = —11-, ::w’.:t:1518=E
7%3 | 21
Hence, angle between given two lines is
0 = cos” (2) (1
21
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21. Show that the lines X -2 =Y +3 _Z+5 .
3 5 7
: 1 £ ; B2 intersect. Also, find their
point of intersection. Delhi 2014

The given lines are
X+1T ¥+3 Z+0

3 = > A [let] ...(0)
Xx=2 y—=& Z—=8b _ i
and T wo [let] ...(Gi)
Then, any point on line (i) is
PGBA—-15A—-3,7A -5) ..(111)
and any point on line (ii) is
Qu+2,3u+4 5u+6) ...(iv)

If lines (i) and (ii) intersect, then these points
must coincide.

BA-1=1+2
5 A-3=3u+4
7h-5=5u+6
=% 3L—-u=3 (V)
5h-3u=7 (Vi)
7A—=5p=11 (Vi) (1)

On multiplying Eqg. (v) by 3 and then
subtracting Eq. (vi) from it, we get

OA-3u—-5A+3u=9-7

=% Ak =2 =% X =%

On putting the value of A in Eq. (v), we get
SX%—u:3 )

= ;~u=3=>u=—% (1)

Mn nutting tha valitae Af 3 and 1 in Ea rii)
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A | I.Jul.i.llla LI vailwueo Wi orv i M 1510 L.\.l. '\\I’Ill}’

we get
7><l—5(—i)=11
2 2
= Z+1—5~=11 = £=11
z 2 2
= 11=11, which is true. (1)

Hence, lines (i) and (ii) intersect and their
point of intersection is

P[3><—1——1,5><l-3,.7><l-5J
2 2 2

[put A = .21_ in Eq. (iii)]

. 1 1 3
i.e. Pl—, ——, —= , (1)
(2 Zz 2]

22. Find the value of p, so that the lines
l—x J¥-—14 2-3
& @ 2
7—Ilx y=>5 b-=2
3p 1 5
are perpendicular to each other. Also, find the

equation of a line passing through a point
(3,2, — 4) and parallel to line 4.

11:

and 5

All India 2014

Equation of the given lines can be written in
standard form as

] ¥=1 y—-2 z-3

i = -

-3 P 2
i
X—~1 Y=o F~8
and /,: = = (1)
3% 1 5
7
Direction ratios of these lines are -3, 27,2
3n
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and — l;—, 1, — 5, respectively. (1)

We know that, two lines of direction ratios
a;, by, c; and a,, b,, c, are perpendicular to
each other, if

313.2 o e b1b2 + C-|C2 =0

-3p p |
3| =2+ 20 +@) (=5 =0
( )[ - )+(7)()+(}( )

= 9i’-+37—10=0

7

s 1.%ﬂ():;'p:? (1)

Thus, the value of p is 7.

Also, we know that, the equation of a line

which passes through the point (x, y;, z;) with

direction ratios a, b, ¢ is given by
X=x_Y-h_2Z2—4

a b C
Hence, required line is parallel to line 4.

So, a=-3, b:§=1 and ¢ =2

Now, equation of line passing through the
point (3,2, — 4) and having direction ratios

(=3,1,2) s
Xx=3 y=2 z#+4
-3 1 2
3 3—x=y—2=z+4 (1)
3 1 2
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23. Aline passes through the point(2,-1,3)and is
perpendicular to the lines

7 =0 4] -Bep@li-2 B
and r =(2i =] - 3K) +u (i +2] +2k). Obtain its

equation in vector and cartesian forms.
All India 2014

Given lines are 1 = (i + ; —E) + A0 —~2}: - !2)_
and r =i =] =3k + A + 2] + 2K

On comparing with vector form of equation of
line?:a+}u£3, we get X

by =2i-2j+k and b,=i+2j+2k The

required line is perpendicular to the given
lines. (1)
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So, it is parallel to the vector

i ]k
- o 5
b=l)|)<b2=2 ""2 1

1 2 2

=(~4-2)i-(4-1)]+@4+2k
= wi] = 3] 46k )

Thus, the required line passes through the
point (2,-13) and parallel to the vector

—6i — 3j + 6k.
So, its vector equation is

T =7 —]+3k)+ A6 —3] +6k
The equation can be rewritten as
Xi +yj +zk=Q2-6A) i
+(-1-30 ] +B+6M k
(1)
On comparing the coefficients of i, ; and k
from both sides, we get

Xx=2-6A, y=-1-3A, z=3+6A
X =2 y+1 _ z-3

=5 = A, A, = A
-6 -3 6
2-x ~-y-1 z-3
=> — —
6 3 6
which is the required cartesian form of the
line. (1)

24. Find the shortest distance between the lines
whose vector equations are

?}=f+f+7u(2f—f+!2)

and 1 = 2f+f~E+u(3f- 5/ + 2K).
Foreign 2014; Delhi 2008
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Given equations of lines are
-_) ~ ~ e e o~
i+D+AQ2i-j+k (i)

r =

“—) A -~ A -~ -~ -
and r=Q2i+j-k+pn@Gi—-5j+2k...ii
On comparing above equations with vector
equation

- - -

r=a+Ab, weget

— - P A - -

a=i+j,b=2i-j+k

i - A - - -
and a,=2i+j-k,b,=3i-5j+2k (1)
Now, we know that, the shortest distance
between two lines is given by

=
d=| 1 %xby)-(a;— &) ...(iii)

- -
| By X b, |
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i k
- -
b-|><b2=2 -1 1
3 2

—5 -
=i(-2+5) - j(4-3)+k(-10 +3)
= by xby=3i -] - 7k .(iv) (1)
and | by x by| =32 +(=1)% + (=7)2
=J9 +1+ 49 =+/59 wiolV)
Also, az—a1=(2f+f—lz)—{?+f}
-

- k . (vi) (1)
From Egs. (iii), (iv), (v) and (vi), we get

. 37 =] <70 = b
V59
" d:)3_0+7|— 10
J59 | J59
Hence, required shortest distance is
10 :
—— units. (1)

V59

25. Find the shortest distance between the two
lines whose vector equations are

r m(f+2f+3E)+k(f-3f+2§)and
=5

F=(i+5] +0+p@ +3]+K)  Delhi 2014C
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Given equations are
T=(+2j+300+AG =37 +200 .0
N A a
r=(4i +5j+6k+u2i+3j+k ...GI0)

T T —3

On comparing with r = a+ A b, we get
— -~ A il A - ~
a=i+2j+3k b =i-3 +2k

and£=4f+5f+6§,53=2?+3f+§

- - ~ ~ A A A A
Now, ar,~a; =(4i +5j +6k) —(i +2j + 3k)

=3i +3j + 3k
i ]k

and bx by=1 -3 2 (1)
2 3 1

=i(=3-6) = j(1—4) +k(3 +6) =-9i+ 3] + 9k

|E:>< 5)2|=\/(-932+32+92

|Byx by =81+ 9 + 81=+171 (1)

- =

Now, (a-ay) - (by— b))
=@3i +3j + 3K) - (=97 + 3j + 9k)

=-274+9+4+27=9 (1
~Shortest distance between two lines is
(b,x b a2 aT) 3 :
S = — units (1)
NJ171

by b

26. Find the shortest distance between the
following lines:

x+1 wy¥l 241 %~-3 y-5 7-7
7 -6 s I | ~2 1 .
Foreign 2014; Delhi 2008
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Given equations of lines are
x+1 y+1 z+1
7 -6 1
X=3 y=b Z=d
1 2 1
On comparing above equations with one
point form of equation of line, i.e.

X=X\ _YWn_Z-4

=1}

and kIl

5 B e , we get
a=1b=-2,¢=1x%=3
Yi=5,21=7

and a,=7,by=-6,
Cr=1x,=-1
=l iy = (1)

We know that, the shortest distance between
two lines is given by

Xg=¥ Ya—h Fz 4
4 by G
d=1 %2 b, 3
{bic, - b2C1]2 +(cia; ~—c2a1)2-
+ (b, — azby)?
-4 -6 -8
1 2 1
7 —6 1
d= (1)

JE2 462+ (7 =% (=6 +14)?
[‘.'XZ—X1 :—"1"‘3=_4_,YE—}/-| 2_1-’5="6,
22—21 2_1_7=‘_8]

C4(-2+6)+6(1—7) —8(-6+14
J@? +6)? + @)

_ |44 +6(-6) -8 (8) ___|—16—36—64‘
J16 +36 + 64 V116
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(1)

~1181 116 =(«/11—6)2=W
Ji16 | 116 116
Hence, the required shortest distance is
V116 units.
27. Find the distance between the lines ll'and b
given by I r =1 +2] — 4k + 27 +3] +6K),

’—116

bir =3 +3] - Sk+p(4i+6] +12K). Foreign 2014

Given equation of lines are
T =i42] -4k + 020 +3] +6k
7 =30 +3] -5k +n4i +6] +12K
X I -
On comparing with r = a+ A b, we get
ay =i +2] — 4k b1 =27 +3] +6k

ay =37 +3] —5k, by = 41 +6] +12k.

and
(1)

Now, a,—a = (3i +3] —5k) (i + 2] — 4k)

=2i+j -k
Pk
5
and by xb,=2 3 6
4 6 12

=136 -36) - j24-24) +k12 -12)=0 (1)
So, both given lines are parallel and
b =27 + 3] + 6k
i ok
N LI U
Then, bx(a, —a))={2 3 6
2 1 -1

=i(~3-6) - j(-2 —12) + k(2 - 6)

-~

~
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=-9i +14j - 4k (1)

Now, required distance between given lines
is given by

bx (5} ﬂaﬂ I ~9i +14;

d=
—51 W+ 12

_/81+196 -16 _ 4261

J4+9+36 /49
= 2761 units (1

28. Find the vector and cartesian equations of the
line passing through the point (2, 1, 3) and
perpendicular to the Iines All India 2014

-1 y-2 z-3 X _y_2
= = and — =~ =—,

1 2 3 -3 2 5

Any line through the point (2,1, 3) can be
written as

= = -l

where, a, b and c are the direction ratios of

line (i).

Now, the line (i) is perpendicular to the lines
X1 _¥y- 2 - 3

1 2 3
el X_Ozy_():Z,_O.
-3 2 .
Direction ratios of these two lines are (1, 2, 3)
and (=3, 2, 5), respectively. (1)
e a+2b+3c=0 ki)

[ if two lines are perpendicular, then

aa, + bib, + ¢icp =0]
and  -3a+2b+5c=0 ... (iii)
In Egs. (ii) and (iii), by cross-multiplication,

o =k
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we gel

a _ -b _ c
10-6 -9-5 2+6
a b c
=3 e
4 14 8
2 7 4
a=2Ab=7Aandc =6A (1
On substituting the values of a, b and ¢ in
Eq. (i), we get
k—2 y—=1 _Z~J
2A 7\ 6A
- x—2:y—-1=z—3 1
2 7 6
which is the required cartesian equation of
the line.

The vector equation of line which passes
through (2,1, 3) and parallel to the vector

2i + 7] +6kis

T=2i+i+3k+A Qi+ 7] +6k

which is the required vector equation of the
line. | (1)
29. The cartesian equation of a line is
6x—2=3y+1=2z-2.Find the direction
cosines of the line. Write down the
cartesian and vector equations of a line
passing through (2, -1, — 1) which are
parallel to the given line. Delhi 2013C

Given equation of line is
6x-2=3y+1=2z -2
x—2/6 y+1/3 z-2/2
V6  1/3  1/2

or
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x-1/3 y+1¥/3 z-1
- 1/6 13 12

1 1 1
~DC’s ofalineare—, —, —. (1)
6 3 2

The equation of a line passing through
(2, — 1, — 1) and parallel to the given line is
x=2 y+l Z+)_

- A say](1)
e U3 12 Isay

nx“m=y~%22~a}
g b c

A
= x=2+£,y=—1+—75 and z=-1+—
6 3 2

A A A A Al
Now, Xi +y,i+zk=(2 +;\'];‘+(_1+_)I
6 3
+[-—1+~}i]12(1)
2

-~ -~ o 1)‘\ 1A 1“
i<l <Bsa —‘+—'+ﬂk]
BI=i= (6f 3’l 2

——
= r

which is the required equation of line in
vector form. (M

30. Find the shortest distance between the
two lines whose vector equations are

= (61 +2j +2K) +Ali —2] +2k)

=(—4i —k) +p(3i —2j - 2k).
Delhi 2013C; Foreign 2011

é
r
_>
and r
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Given equations of lines are

?=(6?+2f+2£)+l(?—2f+2)2)
—
r

and T =41 -B+pii-2j-28

- - —
which are of the form r = a+ A b.
~ -~ ~ — ~ ~ A
Here,£:6i+2j+2kand b, =i-2j+2k;
a,=-4] —kand by =37 -2j - 2k

Then, é}-£=(4f~£y4ﬁf+zf+2b

=-10i —2; -3k (1
Pk
bixby=|1 -2 2
§ w2 ~2

=1 (4+4) -] (=2 —6) +k{~2 +86)
=87 +8] +4k (1)

x byl = /8)% + 8)% + (4
=64+64+16 =+144=12 (1)

RS}

Now, (_> —al1 (b1>< bz)
—(=107-2] -3k @8 +8] + 4K
=0~ 16 =12 = =108

_,‘

(ay - a) - (by X by)!
3 = )
| by by

!: 9 units (1)

Required SD =

\ 2
31. Show that the lines
H =3 +2] —bk+Ali +2] +2K);
—

r=5i ~2j +u[3f+2f+6!?)

are intersecting. Hence, find their point of
intersection, All India 2013
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Given vector lines are
—

P =30 +2] — 4k + AG +2] +2K
and ¢ =5 —2] +ulsh+ 2] +6b
Their cartesian form are
X—3 y—-2 z+4
122
X~5 y¥d zZ-10
3 2 6
Let (r+3,2r+2, 2r—4) and 3p+5,2p—-2,6p)
be two points on the lines (i) and (i),
respectively.
If these lines intersect each other, then

= [say] ...(1)

and

=p [say]...(I)(1)

r+3=3p+5
= r-=3p=2 .. (i)
2r+2=2p-2
= r-p=-2 (1)
and 2r—-4=6p = 2r-6p=4
=5 r—3p=2 V) (1)

Now, subtracting Eq. (v) from Eq. (iv), we get
2p=—-4 = p=-2

On putting p = — 2 in Eq. (iv), we get
r=(-2)=-2 = r=-4

~.Any point on line (i) is

(—4+3,-8+2, -8—-4)=(-1-6,—-12) (1

and any point on line (ii) is

(-6+5,—-4-2,-12)=(-1,-6,-12)

Since, both points are same, therefore both

lines intersect each other at point
(-1-6,~12). | (1)
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32. Find the vector and cartesian equations of
line passing through point (1,2, —4)and
perpendicular to two lines

<8 y+19 2-10
3 -16 7
X—-15 y—29 2~5
3 8 -5
Let the required equation of line passing
through (1,2,-4) be
x -1 e 2 _Z+ 4
a b i

and

Delhi 2012

()

Given that line (i) is perpendicular to lines
x-8 y+19 z-10

3 ~16 7

and 2(_15=y_29=2_5 L (1)
3 8 —D

We know that, when two lines are

perpendicular, then we have

a, a, + by b, + cicy =0, where a,, b, ¢; and

a,, b,y, ¢, are the DR’s of two lines.

Using this property, first in Egs. (i) and (ii)

and then in Egs. (i) and (iii), we get

3a-16b+7c =0 sk V)
and 3a+8b-5¢c=0 V) (1)
On subtracting Eq. (v) from Eq. (iv), we get
3a—-16b=-7c
-3a-8b=-5¢C
-24b =-12c
=N b 3
2
On putting b = — in Eq. (iv), we get

bots
2
3a ﬂ16(£)+ =
2

— 3a—-8c+7c=0
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U
L
T
O
|

-

=3 a=— 9

On putting a = % and b = % in Eq. (i), we get

the required equation of line in cartesian

form as
X~1 y—2 744
56
3 2
[on multiplying denominator by 6]
x-1 y—-2 z+4
— = =
2C 3 6c
-1 y—2 Z+4
= = = .

2 3 6
[dividing denominator by c]
Also, the vector equation of line is
— e " A = Y ~
r=0+2j—4k +AQ2i +3j +6Kk (1)
33. Find the angle between following pair of

lines
—X+d ¥=1 z%3
-2 7 ~3
— x+2=2y—8=z——5
-1 4 4
and check whether the lines are parallel
or perpendicular. HOTS: Delhi 2011

> Flrstly, we convert the gwen lines in standard .
*  form and then use the relation |
Eonll= ; ﬂlﬂz + blbj + Cl Cy

S e

V01+b1+(}1-v02+b2+c§

._ to find the angle between them.

Given equations of two lines are
—X+2 y-1 z+3

—_— m————

. : E .
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Xx+2 2y-8 z-5
-1 4 4
Above equations can be written as
Xx—2 y-1 7243
2 7 =3
X+2 y—-4 z-5
-1 2 4
On comparing Egs. (i) and (ii) with one point
form of equation of line

X— X‘ll_y y1:Z'_Z]

and

sasll)

and

) (1)

= , we get
a b 5
31:2,b]=7,(:]=—3
and ay=—-1b,=2,c,=4
We know that, angle between two lines is
given by
oSO = . a2, +b]b2 +C4CH ™)
\faT +b1 +cf - az+b2+c2
& BB 2) (=) +(7) (2) +(-3) (4
V@22 + (72 + (=32
NED2 +2)2 + (42
-2+14-12 0
= CosO = = —=-==0 (1)
V62 x 21 62 x 21
= cos(%):cc:;-sE [ O:cosn]
2 2
— P
F.

i B
Hence, angle between them is 5 Since,

T
angle between the two lines is 7 therefore

the given pair of lines are perpendicular to
each other. (1
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NOTE Please be careful while taking DR’s of a line,
the line should be in symmetrical or in standard
form, otherwise there may be chances of error.

34. Find the shortest distance between lines
whose vector equations are
—2 ~ A ~
r=(1-1i+(t-2j+B8-2k
—3
g

=(s+1)i +@s-1)] - @2s + 1) k.
HOTS; All India 2011

) Flrstly, convert both the equattons in the vector

form which is r = % b Then, apply the
shortest distance formula,

R S— - = |
™ f (by x b?_) (a; —ay) J
| ]bl><bz| ;

Given equations are
r=0-0i+e-2j+3-20k ..
5

and r=(s+0i+Q2s-0]~Q@s+0k ..

Firstly, we convert both equations in the
- = —

vectorformasr =a + A b ... (i)

So, Eq. (i) can be written as
_._,.>

r=i—ti+t-2j+3k- 2tk

= r=(i~2j+3K)+t (= +] -2k ..(v) (1)
and Eq. (i} can be written as

-H) -~ A -~ - ~ ~
r=si+i+2sj—j-2sk—-k

s

= r=(-j-k+s(+2j-28 LY
Now, from Egs. (iii), (iv) and (v), we get
=¥ % 5 = — . . =
G=i-2j+3k b =—i+j-2k
— i 3 - =3 . N >
Bovme § o Vo e —F 0/} L
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“y ] Py ) =1 T & ™ LK

s b k
%
Then, bT X b2 = -1 1 —
] 2 -2

=i (24+D-jR+2)+k(=2-1)

—> =3 = & %
= byx b, =2i - 4j - 3k

| by X byl = )% + (=42 + (—3)2
= J4+16 +9 =29 (1

=y =3 - & - P 2 =
AISO, 32"31:(j_[_k)_(f—2l+3k)
i 4k
We know that, the shortest distance between
he lines is given as

e — — —3 ‘

(1)

Hence, required shortest distance,
(2i — 4] = 3K) - (j - 4k)
\29

0~ 4+1zl
pe

units (1)

d=

dsJ_

35. FI d hortest distance between the lines
=(i +2i +K)+ Al —j+k and
(21 —j - k)+u(2f+j + 2k).

Foreign 2011; All Indix 2 . s

Do same as Que. 34. [Ans. ézﬁ units]
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36. Find the equation of the perpendicular from
point (3, -1, 11) to [T £ = £ % .
2 3 4
Also, find the coordinates of foot of
perpendicular and the length of
perpendicular, HOTS; All India 2011C

Q) Fnrst!y, determine any pomt P on the given line
and DR’s between given point Q and P, using |
the relation a; a5 + b; b, + ¢; ¢; =0, where
(a3, by, ¢p) and (ay, by, cz) are DR’s of PQand
given line.

leen equatlon of Ime AB is
X y~4& z+~3

— = = A sa

2 3 4 2l
= £=k,z:-g—=landzﬂ3=l

2 3
= X=2Ay=3A+2
and Z=4\A+3 (D
~.Any point P on the given line

=Q2A 3A+2,4AL+3)
Q(3,-1,11)
A P B

Let P be the foot of perpendicular drawn
from point Q(3, —1,11) on line AB. Now,
DR’s of line

QP=Q2A-3,3A+2+14A+3-11) (1)
= DR’sof lineQP =(2A —3,3A + 3, 41 - 8)
Here, a, =2A-3,b,=3A+3,c,=4A-38,
and a,=2,b,=3,c,=4

Since, QP L AB

. We have, a;a, + bib, + cic» =0 . (0)
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o 20A-3+3GA+3) +4(4A—-8)=0
= 4 -6+9A+9+16A-32=0

= 290 -29=0
- 2974 =29 = A =1 (1)
. Foot of perpendicularP =(2,3 + 2, 4+ 3)

=(2,5,7)

Now, equation of perpendicular QP, where
Q@3,-11NandP(2,5, 7), is
x-—3 y+1_z-=11
2-3 5+1 7-11
using two points form of equation of line,
X=X _¥Y~h _Z-%4
X2=% Y2=%N 2274
=3 y+1_z-13
-1 6 -4
Now, length of perpendicular QP = distance
between points Q(3, - 1,11)and P (2,5, 7)
=2 =32+ 6+ D2+ (7-11)2

- Distance

I.e.

=

= i - )2+ bz - )2 + (22 - 2)?
=1+36+16 =53

Hence, length of perpendicular is /53. (1)

37. Find the perpendicular distance of point

(1, 0, 0) from the lines

X—1 ¥l _E +81Q.A|so, find the

2 g
coordinates of foot of perpendicular and
equation of perpendicular. Delhi 2011C

Get More Learning Materials Here : & m @&\ www.studentbro.in



Do same as Que. 36.
[ Ans. Length of perpendicular is J53.
Coordinates of Food of perpendicular
=(3, -4, -2)
x-1 vy

F

~.Equation of perpendicular = 5=

38. Find the points on the line
ite Y+l 2-3

3 2

-4 -2

at a distance of 5 units

from the point P(1, 3,3). All India 2010

Given equation of line is
¥4+2 y+1 z-3

- 5 > = A [say]
:4'-!-2:}‘qg./_—i-_j:;,h;:—3:l
3 2 .
= X=3A-2,y=2A-1z=2A+3
So, we have the point -
QQBA-2,2A-12A+3) (1) (1)

Now, given that distance between two points

P(1,3,3) and Q BA -2, 2A—-12A+3)is
5 units, i.e. PQ =5

(35 s st TR (D R Y e T
— =5
+2i4+3-3°

[

T i
st | 22l Y T
+ (22 = 21)2

=B -32+QA -2 +2N =5 ()
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On squaring both sides, we get
BA-32+Q2A-4%+2N2 =25
= 9A%+9—18L+4A°+16
— 16\ + 402 =25

= 1702 =340 =0 = 17A(A-2)=0 (1)

= Either17A=0 or A-2=0
% A=0or2
On putting A =0 and A =2 in Eq. (i), we get
the required point as (-2, -1, 3) or (4, 3, 7).
(1)
39. Find the shortest distance between the lines
¥=1 p—4_ z=1

h

1’ -1 1
g Aod ErL_ZHR i 20000
2 i
3 .
Do same as Que. 25. [Ans. e unlts}
J2

40. Find shortest distance between lines
— - & A
F=(1+20)0 +(1-A)] + Ak

_)

r=Qi =] -K+p@ +]+2k. Al india 2009

Do same as Que. 34. {Ans. 3 units}

V29

41. Find the value of A, so that following lines

are perpendicular to each other
X+5 _2-y _ l—zand£=2y+1=1—z‘
S5A+2 5 -1 1 LA -3

Delhi 2009
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Q) Ftrstly, convert the gwen equat:ons of lines into

| one point form of the line, which is of form

L TR s ) L |

a b c .,

condition a;a, + biby + ¢ ¢, =0 for
perpendicularity of two lines and get value of A.

and then use the?

Given equation of lines are
X+5 2 Y _ 1-2z

5A+2 5 =1
and 522y+1=1—z
1 4) -3

Above equations can be written as
x+5 y-2 z-1
5L+2 -5 1

1
2lyp+—
X _ (y 2]_2—1

and = =

4\ 3
¥ .
X 5 z=1 %
= - = = ) (1
1T 2A 3 2
On comparing Eqgs. (i) and (ii) with one point
form of line
X=X _Y~hN_2-74
— — , We et
a b C .
=5A+2,b=-5,¢c,=1
and az=1,b2=27i.,c2=3 (1)

Since, the two lines are perpendicular.
. a-|az+b-|b2 +C1C2=0
=  16A+2)+2A(-5)+3(1)=0
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5A+2-10A+3=0 (1)
-5A+5=0
Bik=h

A= (1)

42. Find the value of A, so that lines
y—-2_ z-3 ¥+l y¥—1 ©B-i

ERAR AR

—= and ——= =
3 2\ 2 3A 1 7
are perpendicular to each other.  Delhi 2009
Do same as Que. 41. [Ans. A = =2]

43. Find the value of A, so that lines
1-x_7y-14 _5z-10

3 2 1
- 7—7x=y—5=6-z
3A 1 5
are perpendicular to each other.  Delhi 2009
Do same as Que. 41, [Ans. A = 7]

44, Find the length and foot of perpendicular
drawn from the point (2, -1, 5) to line

X-1l _y+2_7+8  lindia 2008
10 ~4 -11
Do same as Que. 36.
[Ans. Length V14 units and

foot of prependicular= (1, 2, 3)]

6 Marks Questions

45. Find the distance of the point P(-1,- 5, - 10)

from the point of intersection of the line
joining the points AR,-1,2) and B(5, 3, 4)
with the planex—y +2z = 5. Foreign 2014
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The equation of the line passing through the
points A(2, —1, 2) and B(5, 3, 4) is given by
x—-2 y+1 z-2
5-2 3+1 4-2
x—-2 y+1 z-2
= = = A [say] (1)

3 r 5 [say]
= x=3A+2,y=4A-12=2A+2 (1)
Now, putting the values of x,y and z in the
equation of the plane x -y + z =5, we get

=

BA+2)—(4A -D+R2A+2)=5 (1)
= A+5=5
: A =0 (1)
So, the point of intersection of the line and
the plane is (2, -1, 2). (1)

.. The distance of the point P(-1, -5, =10)
and the point of intersection (2, —1, 2) is

=2+ 92+ (=14 572 + 2 +10)2

=\/32+42+122=13unit5 (1)

46. Find the vector and cartesian forms of the
equation of the plane passing through the
point (1,2, — 4) and parallel to the lines

ro=i+2] -4k +A20 +3] +6k)

and ? = f—3f+ Sk +p(f + fhi;). Also, find the
distance of the point (9, - 8, - 10) from the
plane thus obtained. Delhi 2014C
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Let equation of plane through (1, 2, — 4) be

alx-1+bly+2)—-c(z+4=0 ...(0)
Given lines are

T =i+2] —k+A2i +3] +6k

and 7 =1 -3 +5k+ Al +] -k (1)
The plane (i) is parallel to the given lines,

So,2a+3b+6c=0anda+b-c=0 (1)

For solving these two equations by
cross-multiplication, we get

a_ _ -b _cC
—3—-6 26 23
a b c
= —=—=—=A sa
Sl e [say]

a=-9A,b=8Ac=-A
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On putting values of a, b and ¢ in Eq. (i), we
get —-9Ax =) +8Aly -2)-A(z + 4 =0

. Equation of plane in cartesian form is
—OAXx-D+8Ay-2)-Alz+4 =0

== -9x+9+8y-16-z-4=0
=> " 9x-8y+z+11=0 (1)
Now, vector form of plane is

rOi -8j +K=-11 (1)
Also, distance of (9, -8, —10) from the above

plane
o -8(-8) +1-10) 411
| J2reer |
q{;?z +64—10+11‘

J81+64 +1
_D_Ax+by+Cz+Dl
\/A2+32+C2
146 \/—— .
= |———| = 4/146 units (1)
‘v146|

47. Find the equation of line passing through -
points A(0,6,-9)and B (-3,-6, 3).1f D is the
foot of perpendicular drawn from the point
C(7,4,-1)on the line AB, then find the
coordinates of point D and equation of line
CD. All India 2010C
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We know that, equation of line passing
through the points (x;, v, ;) and (x,, ¥y, Z5) IS
given by

X=X - i Z__ Z1 LD

X=X VY2-¥ Z3—1Z
Here, Alx, ¥4, 21 =1(0,6, - 9)
and  (xy, ¥y Z7) =(-3,-6,3)
C(7, 4,-1)

.
A(0,6,-9) D B (-3, -6, 3)

. Equation of line AB is given by

Xx=0 wy=6 Z+9

3-0 -6-6 3+9
X y—b z+9

A3 12
- x::y—6:z+9 (1)
1 -4 4

[dividing denominator by 3]

Next, we have to find coordinates of foot of
perpendicular D.

X y=b Z+9

Now, let = Tiks A [say]
—" X==A
y—6=-4Aand z +9 = 4A
= X=-—A
y=-4A+6
and zZ=4\A-9 (1)
Let coordinates of
D=(-A,—4A +6,4A - 9) skl
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Now, DR’s of line CD are
(~A—7,—4A+6—4, 4% -9 +1)
=(-A-7,—4A+2, 4\ - 8)

Now, CD L AB
; &ay + biby+cic, =0 (1)
where, aq=—A-7b=—4A+2,

c; =4A -8 [DR’sof line CD]
and a,=—1by=-4,c,=4

[DR’s of line AB]

= =1(-A=-7)—-4(-4L+2)+4{(4AL-8)=0
= A+7+16A-8+16A-32=0
= 33A-33=0
= 33A =133
A=1 (1)

On putting A = Tin Eq. (ii), we get required
foot of perpendicular,

D=(-12,-5)
Also, we have to find equation of line CD,
where, C (7,4, - 1) and D (-1, 2, = 5).

. Required equation of line is

x=7 y~4 _ Zz4+1 .. ., .
-1—7"2—4"‘5+1[usngq’(')]
x-7 _y—-4_z+1
o | . | =
x-F7 y-=4 Z+]
g ¢ @z
[dividing denominator by —2]

(1)
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48. Find the image of the point (1, 6, 3) on the
T e L e “Also, write the
i 2 3
equation of the line joining the given points
and its image and find the {ength of segment

joining given point and its image. Delhi 2010C

§> Firstly, ”;‘ind the coordinates of foot of
* perpendicular Q. Then, find the image which is |

point T by using the fact that Q is the mid-point
of linePT.

Let T be the image of the point P (1, 6, 3).Q is
the foot of perpendicular PQ on the line AB.

Given equation of line AB is
¥ ¥v—=1 z-—~2

P (i)
Tt 2 B
X y-1 z-2
Let == = =k sa
- e - [say]
== x=Ay-1=2Az -2 =3A
= X=Ay=2A+12=3A+2
P (1,86, 3)
Q
-
A | B
|
|
|
1
o7

Then, coordinates of
Q=RA2A+13A+2) -..(ii) (1)

Now, DR’s of line
PQ=(A-12A+1-6,3A+2 -3

= DR’sof PQ=(A-12A-5,3A-1)
Since, line PQ L AB.
Therefore, a;a, + bib, +c1¢c5 =0,
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L) F=

where a,=A-1b;=2A-5,¢c;,=3A -1

and a,=,by=2,c,=3
“TA-1+2Q2A-5+3CBA-1)=0
= . A—-1+4A-10+9A-3=0
= 141 -14=0
= A=1 (1)

On putting A =1in Eq. (ii), we get
Q1L2+13+2)=(13,5)
Now, Q is the mid-point of PT.
Let coordinates of T = (x, y, z)
By using mid-point formula, (1
Q = mid-pointof P (1, 6, 3) and T (x, y, z)
[x +1 y+6 z+ 3)

o,

! !

2 2 2
- mid-point = XtXo ity, 41 4 22}
g "2 " 2
But Q=(13,5)
[x+1’y+6’z+3)=(1’3’5)
2 2 .
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On equating corresponding coordinates, we get

x+1:1’y+6:3fz+3:5

2 2 2
— x=2-1y=6-6,z=10-3
— x=ly=0,z=7

~.Coordinates of T =(x,y, z) =(1,0, 7)
Hence, coordinates of image of point P(1, 6, 3)

isT(1,0,7). 1)
Now, equation of line joining points P(1,6, 3)
and T(1,0, 7) is

x-1_y-6 z-3
-1 0—6 73
x-1_y-6 _z-3
0 -6 4
Also, length of segment PT
=y1-12+(6 -072 +( -7
=0 +36 +16 =+/52 units (1)
49. Write the vector equations of following lines
and hence find the distance between them
X=1 §¥-2 B ¥=3 ¥YP=3 J2%3

!

2 3 6 4 6 12
Delhi 2010

=

(1)
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Given equations of lines are
¥—1 y=2 Zz+44
2 3 6
Xx=3 _y-=3 zZ+5
4 6 12

Now, the vector equation of lines are
il

F=G+2] -4 +A@Qi+3j+6k ..00)
[ vector form of equation of line is

(1)

and

- -
r=a+ADb]
. A A -~ L ~ ~
and r =@3i +3j ~5k) +u(4i +6j +12k)...(ii)
—> ~ ~ A = A = ~
Here, a, =i +2j—4k, b, =2i + 3j + 6k

-2 T PO ~ ~ "
and a,=3i+3j -5k b,=4i +6j +12k

- -

Then, a,—a =(3i + 3] - 5k) — (i + 2] — 4k)
=Dk | =k (i ()
ik |
- -
bIsz':z 3 6
4 6 12

=736 -36)—] 24-24+k012-12)
=0i -0j +0k=0 )

- = -
= b|)<b2=0

Get More Learning Materials Here : & m @&\ www.studentbro.in



— =
=  Vector b, is parallel to b,
- o - - -

[-ifaxb=0,then a|| b]

As, two lines are parallel.
_)

b =i+ 3f + 6&) (V)
[since, DR's of given lines are proportional] (1)

Since, the two lines are parallel, we use the
formula for shortest distance between two
parallel lines.

We know that,

- - -
shortest distance, d = oL {a_f | V)
| b |

From Eqs. (iii), (iv) and (v), we get

(2f+3f+6!2)><'{2f+f— k)

g = ... (vi)
\/(;}2 +3)?% +6)?
Now, 27 + 3] + 6k) x (21 + ] - K
i7 k
a2 3 6
2 1 -1

—i(-3-6)-](-2-12)+k(2 -6)

= 9] +14] — 4k )
From Eq. (vi), we get |
| =97 +14] - 4k | {-9)? +04? +(-4?
J49 7
. d=J81+136+16=J27?3 _— @
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50. The points A(4, 5,10), B (2, 3, 4) and

C(1,2,—1)are three vertices of
parallelogram ABCD. Find the vector
equations of sides AB and BC and also find
coordinates of point D. HOTS; Delhi 2010

P ]

(:) The vector equation of a side of a parallelogra m,
* when two pomts are  given, s

r = a + A b - a ). Also, the diagonals of a
rectangle intersect each other at mid-point. |

ATy i R it

Gwen points are A (4,5,10), B(2, 3, 4 and

C(12,=1
o 'D(}H’,Z) C(,2-1)
A (4,5, 10) B (23 4)
We know that, two points vector form of line
is given by
- - - - _
r=a+A(b-a) () (1)

where, a and b are the position vector of
points through which the line is passing

through. Here, for line AB position vectors
— —

are a=OA=4f+5f+10§
- - = i A
and b=0B=2i+3j + 4k (1

Using Eq. (i), the required equation of line AB
IS

=¥ -~ -~ -~ A A -~
r=(4i +5j +10k) + A [2i + 3] + 4k
— (4 +5] +10K)]
- i - -~ ~ = A
= r=(4i +5] +10k) - A (2i +2j + 6k) (1)

Similarly, vector equation of line BC, where
B(2,3,HandC (12, -1)is

= . A A . m B
r=Qi+3j+4k+uli +2j -k
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_Qi+3] +40]
= r=Qi+3j+4)-pG+j+50 ()

We know that, mid-point of diagonal BD
= Mid-point of diagonal AC
[~ diagonal of a parallelogram bisect each

other]
[(x+2 y+3 z+4)_ (4+1 5+2 10 —1)
'(2’2’2]_ 2" 3 " 2
(1)
On comparing corresponding coordinates,
we get
x+2 5 y+3_7
2 2" 2 12
and 2 +4=2:*>x=3,y=4andz =5
2 2
Hence, coordinates of point
D(x,y 2)=3,4)5) (M
and vector equations of sides AB and BC are
=4 +5] +100 - A ] + 2} + 6k and
?=(2f+3f+4£}—u(f+f+5§),
respectively.

51. Find the coordinates of foot of perpendicular

drawn from the point (0, 2, 3} on the iine
X+3_Y-1_Z% piso, find the length of
5 2 3

perpendicular. Delhi 2009C |
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. Given equation of line is
X+3 y—-1 _z+4
5 2 3

and given point is P(0, 2, 3), let foot of
perpendicular PT is T.

P2 3)
1
A T B
¥+3 y¥=1_z+4
Now, = s =A  [say](1)
= x=5A-3,y=2A+1z=3A-4
.. Coordinates of point T are
5h~3 244134 -4 (1)
DR’s of line
PT=5A-3-0,2A+1-2,3L-4-73)
(Bl B, SR L T, e ) (1)

Since, PT 1 AB
Therefore, aja, + bjb, +c;c, =0
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where, 8y =5A -3, by =2A -1 ¢;=3A-7
and &225,b2:2,C2=3 (1)
S50BA-3)+2Q2A-1N+3BA-7=0

= 25A=15+4A -2 +9A -21=0
= 38L-38=0 = 38A =38
— A=T1 (1)

. The foot of perpendicular
=(5A-3,2A+13A -4
=(2,3,-1) [put A =1] (1/2)

Also length of perpendicular, PT = Distance
between points P and T

= PT=40-22+2-32+3+1)?

[ distance = \/(xz —x) 2 +lyy=y) +(zy- 21)2:|

- i4+1+16:\/ﬂ units  (1/2)

52. Find the perpendicular distance of the point

(2,3, 4) from the line 22X = Y. - 122

2 6 3
Also, find coordinates of foot of _
perpendicular. Nelhi 20000

Do same as Que. 51.
" Ans. Perpendicular distance = Distance]

coordinates of foot = [1 e , A , 60)
49 49 49
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